During the last four years several parameters relevant for the analysis of the CP-violating ratio ε ′ /ε improved and/or changed significantly. In particular, the experimental value of ε ′ /ε and the strange quark mass decreased, the uncertainty in the CKM factor has been reduced, and for a value of the hadronic matrix element of the dominant electroweak penguin operator Q 8 , some consensus has been reached among several theory groups. In view of this situation, ten years after the first analyses of ε ′ /ε at the next-to-leading order, we reconsider the analysis (m c ). We present the correlation between R 6 and R 8 that is implied by the data on ε ′ /ε provided new physics contributions to ε ′ /ε can be neglected.
Introduction
The ratio ε ′ /ε that parametrises the size of direct CP violation with respect to the indirect CP violation in K L → ππ decays has been the subject of very intensive experimental and theoretical studies in the last three decades. After tremendous efforts, on the experimental side the world average based on the recent results from NA48 [1, 2] and KTeV [3, 4] , and previous results from NA31 [5, 6] and E731 [7] , reads ε ′ /ε = (16.6 ± 1.6) · 10 A recent discussion of the experimental issues involved in these analyses can be found in ref. [8] .
On the other hand, the theoretical estimates of this ratio are subject to very large hadronic uncertainties. While several analyses of recent years within the Standard Model (SM) find results that are compatible with (1.1) [9] [10] [11] [12] [13] [14] [15] [16] , it is fair to say that even ten years after the first analyses of ε ′ /ε at the next-to-leading order (NLO) [17, 18] , the chapter on the theoretical calculations of ε ′ /ε is certainly still open. A full historical account of the theoretical efforts before 1998 can for example be found in the reviews [19, 20] .
It should be emphasised that all existing analyses of ε ′ /ε use the NLO Wilson coefficients calculated by the Munich and Rome groups in 1993 [17, 18, [21] [22] [23] [24] , but the hadronic matrix elements, the main theoretical uncertainty in ε ′ /ε, vary from paper to paper. Nevertheless, apart from the hadronic matrix element of the dominant QCD penguin operator Q 6 , in the last years progress has been made with the determination of all other relevant parameters, which enter the theoretical prediction of ε ′ /ε. In view of this situation, we think it is legitimate to reconsider the analysis of ε ′ /ε within the SM and to investigate what can be said about the hadronic Q 6 matrix element on the basis of the present experimental value of ε ′ /ε and todays values of all other parameters. In doing this we assume that any potential new physics contributions to ε ′ /ε can be neglected. We will return to this point at the end of our paper.
The phenomenological approach towards the values of the hadronic matrix elements presented in this work is a continuation of our approach in [17] , where we extracted the matrix elements of current-current operators Q i (i = 1 − 4) from the CP conserving data. In that case the assumption about the absence of significant new physics contributions to the relevant amplitudes was not necessary. On the contrary, the present analysis has this particular limitation.
Nevertheless, as we shall see below some insight into the pattern of the size of the hadronic matrix elements of penguin operators can be gained.
In order to set the scene for our investigation let us recall that after NA31 in 1993 [6] and KTeV in 1999 [4] presented surprisingly high values for ε ′ /ε, the 1999 world average including the E731 value [7] was
being roughly 30% higher than the 2003 value. Within our 1999 analysis of ε ′ /ε [15] that was performed using matrix elements of penguin operators Q 6 and Q 8 in the ballpark of the values obtained in the large-N c approach of [25] [26] [27] , it was essentially impossible to reproduce the value in (1.2). We found ε ′ /ε typically a factor of two to three below the 1999 experimental value.
As we shall see below, the confrontation of the SM with the 2003 experimental value for ε ′ /ε as given in (1.1), does not resemble the 1999 situation presented by us in [15] . The following important facts are responsible for this change:
• The experimental value of ε ′ /ε decreased approximately by a factor of 1.3.
• The value of m s , relevant for ε ′ /ε within the approach of [25] [26] [27] , decreased by roughly 15%, enhancing the theoretical value of ε ′ /ε by roughly a factor of 1.3.
• The isospin breaking parameter Ω IB decreased from roughly 0.25 to 0.16, enhancing ε ′ /ε by another factor of 1.2.
• Though the central value for the hadronic matrix element of the dominant electroweak penguin operator Q 8 has not changed since our last analysis [15] , it is worth to mention here that it has become more robust due to general consistency of results from lattice QCD and other analytic non-perturbative approaches to be discussed below.
• Finally, the value of the CKM factor Imλ t became more precise, although it did not change significantly compared to our 1999 value.
As a result of all these changes, our SM value for ε ′ /ε presented below turns out to be fully consistent with the experimental value given in (1.1) for values of the hadronic matrix elements Q 6 and Q 8 which do not differ by more than 25% from the ones obtained within the large-N c approach of [25] [26] [27] . On the other hand, the chiral suppression of Q 6 0 with respect to Q 8 2 that is characteristic for the latter approach, does not seem to be supported by the data.
In the next section, we recollect the basic equations which are required for the analysis of ε ′ /ε within the SM. In section 3, we present the details and numerical results of this work, in section 4 we compare our results with those obtained in various approaches, and in section 5 we summarise and draw some conclusions.
Basic Formulae
The central formula for ε ′ /ε of refs. [15, 17, 28] takes the following form:
where
and
3)
The functions X 0 , Y 0 , Z 0 and E 0 are given by (m t = 165 GeV) in the NDR scheme.
The coefficients P i are given in terms of the non-perturbative parameters R 6 and R 8 as follows:
where the coefficients r
i and r , as well as the strange quark mass, the non-perturbative parameters R 6 and R 8 are defined as
(2.9)
In the large-N c approach of [25] [26] [27] , the matrix elements of the dominant QCD-penguin (Q 6 ) and the dominant electroweak penguin (Q 8 ) operator, are then given by [17, 29 ]
10)
where for Q 8 2 , we have neglected a small 1% correction which is independent of m s , and the numerical values have been obtained by employing values for F π , F K and m K as given in the current PDG [30] .
In the strict large-N c limit,
= 1, the µ-dependence of the matrix elements Q 6 0 and Q 8 2 is fully governed by the µ-dependence of the quark masses m s,d (µ), and, as the mixing with other operators can be neglected in this limit, the evolution of the Wilson coefficients C 6 (µ) and C 8 (µ) precisely cancels the µ-dependence of Q 6 0 and Q 8 2 such that ε ′ /ε is µ-independent as it should be. As our numerical analysis of ref. [17] demonstrated, B
(1/2) 6 and B (3/2) 8 remain independent of µ to a very good accuracy also outside the strict large-N c limit, provided these parameters do not deviate considerably from unity.
The formulae (2.9), together with the strict large-N c limit, also imply R 6 = R 8 , so that in this limit there is a one-to-one correspondence between ε ′ /ε and R 6 = R 8 for fixed values of the remaining parameters. Consequently, in this case, only for certain values of m s (m c ) is one able to obtain the experimental value for ε ′ /ε. This has been emphasised in particular in [31] , and we shall return to this point in the next section. Thus in this approach a concrete prediction for ε ′ /ε can be made provided the value m s (m c ) has been determined by some other method.
Moreover, once m s (m c ) is known, also R 6 , R 8 , Q 6 0 and Q 8 2 are known, but they always satisfy the relations:
We shall compare the relations (2.12) with our results for Q 6 0 and Q 8 2 obtained by various methods below.
3 Numerical Analysis
Preliminaries
Before we come to a detailed presentation of our numerical analysis, let us first briefly discuss the origin of the values for the dominant input parameters that we have used in our analysis.
The dependence of ε ′ /ε on the quark mixing or CKM matrix elements appears through the parameter Imλ t . Fits determining the elements of the CKM matrix have been the subject of extensive efforts in the last years. The present status has been summarised very recently in the review [32] . Employing the best fit incorporating all known constraints within the SM, the resulting value for Imλ t is then found to be [33] :
The next parameter which deserves an explicit mentioning since ε ′ /ε is rather sensitive to its precise value, is the quantity Ω IB , parametrising isospin-breaking corrections which result from π 0 -η mixing. For this parameter, we employ the result of the recent analysis [34] : Ω IB = 0.16 ± 0.03.
An important fundamental QCD input parameter is the value of the strong coupling constant Another parameter is the top quark mass that enters the Inami-Lim functions given above and the fit of Imλ t . However, m t is already well known and its precise value is less important.
On the other hand, the value of the strange quark mass m s plays an important role in the large-N c approach discussed in the previous section. For the quark masses, we shall then use the following values:
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The top mass evaluated at the scale m t results from converting the corresponding pole mass value [30] , and the strange quark mass is an average over recent determinations of this quantity [36] [37] [38] [39] [40] . Due to our method of extracting the matrix elements of current-current operators Q i (i = 1 − 4) from the CP conserving data [17] , the strange mass is required at the scale m c = 1.3 GeV and our central value would correspond to m s (2 GeV) = 100 MeV.
As stressed by several authors in the literature, the strong m s dependence of Q 6 0 and Q 8 2 given in the large-N c approach is somewhat artificial. In fact the lattice studies [41] and the discussion in [42] indicate that these matrix elements are only weakly dependent on the actual value of m s since they are related to the quark condensate via the GMOR relation [43, 44] . Here we shall follow first a different approach. We will directly deal with the parameters R 6 and R 8 of eq. (2.9), and only at the end of our numerical analysis, we shall discuss the implications for
and B (3/2) 8 .
Present knowledge of R 8
As can be inferred from the formulae presented in the last section, in order to be able to calculate ε ′ /ε, we still require some input for R 6 and R 8 which parametrise the dominant contributions from QCD and electroweak penguin operators respectively. Concerning the parameter R 8 , in the last years progress has been achieved both in the framework of lattice QCD [45] [46] [47] as well as with analytic methods to tackle QCD non-perturbatively [9, [48] [49] [50] [51] .
The current situation of the status of Q 8 2 calculations has been summarised nicely in the recent article [51] . At present, the most precise determination of Q 8 2 comes from the lattice QCD measurement [47] , corresponding to R 8 = 0.81±0.08. The lattice studies of refs. [45, 46] find results in complete agreement, however, with somewhat larger uncertainties. The analytic nonperturbative approaches of refs. [48] [49] [50] [51] , employing either the large-N c expansion or dispersion relations, on the other hand, find results that are generally larger than the lattice findings, although certainly compatible within the uncertainties. However, these analyses have been performed in the chiral limit, and as was demonstrated in [51] , chiral corrections tend to decrease R 8 . Therefore, in order to be more conservative, and in view of the fact that there could be additional effects of chiral logarithms when relating the matrix elements computed on the lattice to the physically relevant ones, in what follows we shall use:
Determining R 6
The situation is less clear concerning the QCD penguin contribution parametrised by R 6 . Therefore, we postpone a discussion of the present status of R 6 , and we shall take a different approach. shows central values for R 6 corresponding to the four inputs for R 8 as given in the first column.
The remaining columns display the variation of R 6 while varying the dominant input parameters, and the last column contains the total uncertainty when all individual errors are added in quadrature. A graphical representation of our results of table 2 in the spirit of the "ε ′ /ε-path" of ref. [52] (see also refs. [9, 42] ) is given in figure 1 . The solid straight line corresponds to the central values given in table 2, whereas the short-dashed lines are the uncertainties due to a variation of the input parameters. (Let us note that all our errors should be considered as 1σ deviations.) Next, the vertical long-dashed lines indicate the lattice range for R 8 [47] , whereas the ellipse describes the correlation between R 6 and R 8 implied by the data on ε ′ /ε when taking into account the more conservative constraint on R 8 given in eq. (3.3) . From the allowed region within the ellipse, we can infer our central result for R 6 , which reads:
Finally, the full circle and diamond in figure 1 represent the central results of refs. [10] and [9] respectively, which will be discussed in more detail below, and the dashed-dotted line shows the strict large-N c relation R 6 = R 8 .
Comparing (3.4) with (3.3), we observe that if the matrix element of Q 8 is indeed given by (3.3) than the data on ε ′ /ε seem to require
(m c ) . .12) is not supported by the data.
However, we would like to emphasise that this result is a consequence of (3.3). We will return to this point in the next section, where we shall compare the results in (3.3), (3.4) and (3.5) with other approaches.
3.4 The dependence of ε ′ /ε on R 6 and R 8
In addition, it is also of interest to show the values of ε ′ /ε for specific values of R 6 , R 8 and Λ 
Comparison with other Analyses
Let us now compare our findings of (3.3), (3.4) and (3.5) with other recent estimates of these quantities.
In the approach of refs. [10, 11, 13] , the enhancement of the QCD penguin matrix element Q 6 0 above the factorisation result was attributed to the strong final-state interactions in the final state pion system. The final-state interactions were taken into account through dispersion relation techniques which resulted in an Omnés type exponential, giving an enhancement factor 1.55 ± 0.10 which provides full agreement with the experimental result for ε ′ /ε. No such enhancement has been found in the case of Q 8 2 , for which a mild suppression factor 0.92 ± 0.03 was obtained [10] .
However, the strange mass used in ref.
[10] corresponds to m s (2 GeV) = 110 MeV, thus being 10% higher than the value advocated in the present work. Translating these findings into R 6 and R 8 , for the central values we obtain
in perfect agreement with our values, albeit pointing to a somewhat different scenario as to its composition. With the present uncertainty in the strange quark mass, we are, however, unable to decide which is the correct scenario. The result of (4.1) is also indicated as the full circle in figure 1 . A critical discussion of the above approach can be found in refs. [53, 54] .
In the very recent article [9] , the matrix element of the QCD penguin operator Q 6 was calculated within an approach which was able to take into account the dominant O(n f /N c ) corrections to the large-N c result, where n f is the number of active quark flavours. In addition, the authors demonstrated an explicit cancellation of the renormalisation scale dependence between
Wilson coefficients and matrix elements. Numerically, in our language, the results of [9] and [49] would correspond to
As seen in figure 1 , the central result, displayed as the full diamond, is consistent with the experimental value for ε ′ /ε, but lies outside the ellipse found here. However, in the approach of [9] , the dominant uncertainty for R 6 is due to the value of the quark condensate, and, as already remarked above, both parameters are presently only calculated in the chiral limit. Thus, in our opinion, at the moment it is premature to draw any definite conclusions from the results of [49] and [9] .
Still, the interesting property of the result in (4.2) is its compatibility with the large-N c limit relation in (2.12). However, with B [55, 56] .
To conclude this section, we perform the following exercise. We set [25, 57] andB K = 0.75 [58, 59] , (4.3) which corresponds to the strict large-N c limit. In that case one finds [33] Imλ t = (1.34 ± 0.06) · 10 −4 . in the most recent lattice simulations with dynamical fermions [55, 56] . As can be seen from the dashed-dotted line in figure 1 , however, the required value for the large-N c condition 5) which, similarly to the result in (4.2), is outside the ellipse found here.
Conclusions
In this letter, we have reanalysed the ratio ε ′ /ε in view of the improved experimental data and an improved information on the relevant theoretical input parameters. After the uncertainties on Imλ t have been reduced significantly during the last four years and some consensus has been reached on the matrix element of the dominant electroweak penguin operator Q 8 , the main uncertainty in the estimate of ε ′ /ε in the SM is the matrix element of the leading QCD penguin operator Q 6 . Assuming that ε ′ /ε is fully dominated by the SM contributions, we have determined the ratio R 6 and the matrix element Q 6 NDR 0
(m c ) from the data on ε ′ /ε with the results given in (3.4) and (3.5).
We have also shown that withB K = 0.75 and m s (m c ) ≈ 100 MeV, the large-N c values of Finally, we have shown in figure 1 the correlation between R 6 and R 8 as implied by the experimental data on ε ′ /ε.
There are three messages from our paper:
• (m c ) .
This is in accordance with the results in [10, 11, 13] , but differs from the large-N c approaches in [25] [26] [27] and [9] in which R 6 ≈ R 8 and Q 6 NDR 0
(m c ) is chirally suppressed relatively to (m c ).
• The large-N c approach of [25] [26] [27] can only be made consistent with data provided [55, 56] , but the situation certainly requires further study.
• Somewhat higher values of (m c ) are obtained in the approach of [9] but as the calculations have been done in the chiral limit, it would be premature to draw definite conclusions at present. From the point of view of the approach in [25] [26] [27] the values R 6 ≈ R 8 ≈ 1.7 would correspond to rather unrealistic small values of m s (m c ) so that a better interpretation would be a significant departure of the parameters B
(1/2) 6 and B (3/2) 8 from unity. As the analysis [9] goes beyond the strict large-N c limit, this is certainly conceivable.
As shown in figure 1, all these three scenarios are consistent with the data. Which of these pictures of ε ′ /ε is correct, can only be answered by calculating Q 6 0 by means of non-perturbative methods that go beyond the large-N c limit and are reliable. Moreover, the calculation of the strange quark mass m s and of Q 8 2 should be improved. Such calculations are independent of the assumption about the role of new physics in ε ′ /ε that we have made in order to extract Q 6 0 from the data.
If the values for these matrix elements and R 6,8 will be found one day to lie significantly outside the allowed region in figure 1 , new physics contributions to ε ′ /ε will be required in order to fit the experimental data.
